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Abstract. We define and prove existence of fractional P(0)i-processes as random processes gener- 
ated by fractional Schrodinger semigroups with Kato-decomposable potentials. Also, we show that 
the measure of such a process is a Gibbs measure with respect to the same potential. We give con- 
ditions of its uniqueness and characterize its support relating this with intrinsic ultracontractivity 
properties of the semigroup and the fall-off of the ground state. To achieve that we establish and 
analyze these properties first. 

Key-words: symmetric stable process, fractional Schrodinger operator, intrinsic ultracontractivity, 
decay of ground state, Gibbs measure 



The Feynman-Kac formula was originally derived to obtain a representation of the solutions of the 
Schrodinger equation by running a Brownian motion subject to the given potential and averaging 
over the paths. This probabilistic method proved to be a powerful alternative to the direct operator 
analysis in studying the properties of the eigenfunctions of Schrodinger operators. Feynman-Kac- 
type formulae were subsequently extended to cover further PDE and also other models of quantum 
theory by adding extra operator terms (see a systematic discussion in [29J ) . Due to the presence of 
the Laplace operator, however, random processes with continuous paths remained a key object in 
these functional integral representations. 

In the recent paper [22] generalized Schrodinger operators of the form 



have been introduced, where f is a so called Bernstein function. An example to this class are the 
fractional Schrodinger operators 



These operators are non-local and have markedly different properties from usual Schrodinger oper- 
ators (obtained for ty{x) = x). Due to the fact that Bernstein functions with vanishing right limits 
at the origin are in a one-to-one correspondence with subordinators, the operators A) generate 
subordinate Brownian motion. These are Levy processes with cadlag paths (i.e., right continuous 
paths with left limits) having jump discontinuities. In particular, the fractional Laplacian generates 
a symmetric a-stable process (Xt)t>o, and for fractional Schrodinger operators a Feynman-Kac-type 
formula of the form 



1. Introduction 




H = *(-A) + V 




H a = (-A) Q / 2 + V, < a < 2. 




holds, where the expectation is taken with respect to the measure of this process. 
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The main goal of this paper is to obtain a description of symmetric a-stable processes under 
the potential V. The Feynman-Kac semigroup {Tt : t > 0} has the particularity that in general 
T t l R d(x) ^ 1. Suppose V is chosen so that there exist Ao = inf Spec H a and ifo G L 2 (R d ,dx) such 
that H a (po = Xq(Pq. Then the intrinsic fractional Feynman-Kac semigroup generated by the operator 
H a f := —{H a — Ao)(yo/) is a Markov semigroup and allows a probabilistic interpretation. By 
treating the exponential factor in (j 1 . 3 [) as a density with respect to the measure of this semigroup 
we show that there exists a probability measure [i and a random process (Xt)teR on the space 
(Z) r (R,R d ),£(£> r (R,R d )) of two-sided cadlag paths such that 



We call the Markov process (Xt)t£R fractional P((j))i-process for V (Theorem 15.11 below). Note 
that in order to define this process we need neither positivity nor boundedness of the potential V. 
We will introduce and use the class of fractional Kato-decomposable potentials, which allows local 
singularities, and we will assume that V is such that a ground state ipo exists. The almost sure 
behaviour of the measure of this process is established in Theorem 15.31 

Next we show that the stationary measure of a fractional -P(</>)i-process is a Gibbs measure for V 
on the paths of this process (Theorem [531) • We prove that this Gibbs measure is uniquely supported 
on the full path space when the fractional Feynman-Kac semigroup is intrinsically ultracontractive 
(IUC) for at least large enough times (Theorem I5.5p . This justifies to introduce the concept of 
asymptotic intrinsic ultracontractivity (AIUC), which turns out to be a weaker property than IUC. 
We characterize AIUC and IUC for fractional Kato-decomposable potentials (Theorem 14. ip . estab- 
lish necessary and sufficient conditions (Theorems 14.31 and I4.2p . and show that the borderline case 
is given, roughly, by potentials growing faster than logarithmically (Corollary 14. 2p . This contrasts 
the case of Schrodinger semigroups and diffusions where the classic result (20] shows that IUC is 
obtained for potentials growing at infinity faster than quadratically, and we give a heuristic ex- 
planation why is it "easier" for a fractional P((/>)i-process to be IUC than for diffusions and what 
determines the borderline cases (Remark I4.3p . For potentials that are not pinning strongly enough 
to allow IUC we identify a full measure subset of cadlag paths on which the Gibbs measure is unique 
(Theorem 15 .6p . This subset of paths will be seen to relate with the decay properties of the ground 
state at infinity. Therefore we need to derive pointwise lower and upper bounds of the ground states 
(Theorem 13.11 and corollaries), which will also be used to establish (A)IUC for the class of potentials 
we use. 

We note that using these results, one of the applications we are interested in is to add further 
operators and study ground state properties of Hamiltonians describing (semi)relativistic quantum 
field and other models extending the results of [61 [22j [231 ISH].) This will be discussed elsewhere. 

The paper is organized as follows. Section 2 contains essential preparatory material. We intro- 
duce two-sided symmetric a-stable processes, recall a minimum of basic definitions and facts on 
the potential theory of stable processes and bridges, and derive some results on potential theory 
for fractional Schrodinger operators with Kato-decomposable potentials. In Section 3 we derive 
ground state estimates for Kato-decomposable potentials for which the Feynman-Kac semigroup is 
compact. Section 4 is devoted to discussing ultracontractivity properties. In Section 5 we finally 
prove existence and properties of fractional P(0)i-processes. Also, we construct Gibbs measures on 
the paths of these processes, and establish their uniqueness and support properties. 





t > 0. 
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2. Preliminaries 

2.1. Two-sided symmetric a-stable processes 

Let (Xt)t>o be an Revalued rotationally invariant a-stable process with d > 1 and a G (0,2). 
In this paper we are interested in the case of non-Gaussian stable processes only, therefore do not 
include the case a = 2. We use the notations P x and E x , respectively, for the distribution and the 
expected value of the process starting in x G R d at time t = 0; for simplicity we do not indicate 
the measure in subscript (while we do when have any other measure or process). The characteristic 
function of (X t ) t > is 

(2.1) E°[e^ Xt ] = e'^ a , £ G R d , t > 0. 

Denote [0, oo) = R + . As a Levy process, (Xt)t>o has a version with paths in D r (R + ;R d ), i.e., the 
space of right continuous functions R + — > H d with left limits (cadlag functions) and in Z?i(R + ; R d ), 
i.e., the space of left continuous functions R + — > R rf with right limits (caglad functions). 

The transition density pit, x) of the process (Xt)t>o is a smooth real-valued function on R d 
determined by 

f p(t, z)e iz ^dz = e~ m \ £ G R d , t > 0, 

J-R d 

and P x (Xt G A) = f A p(t,y — x)dy holds for every Borel set A C R d . For every fixed t > the 
density p(t, x) is strictly positive, continuous and bounded on R rf with the bounds 

(2-2) C- 1 A r«A*) < p(t, x)<C A t- d ^ . 

Also, for every a G (0,2) the scaling property p(t,x) = t~~ d / a p(l,t~ 1 / a x), x G R d , t > holds. 
The Levy measure of the process (X t ,P x )t>o is given by 

v{dx) = Ad- a \x\~ d ~ a dx, 

where A dn = 2~ 7 7r~ d/2 r((d-7)/2)|r(7/2)|~ 1 . For the remainder of the paper we will simply write 
A instead of Ad- a - 

It is known that when a < d, the process (X t )t>o is transient with potential kernel [7] 

poo 

U a (y-x)= p(t,y-x)dt = A d Jy-x\ a - d , x,ye~R d . 
Jo 

Whenever a > d the process is recurrent (pointwise recurrent when a > d = 1). In this case we can 
consider the compensated kernel [S], that is, for a > d we put 

POO 

U a (y-x)= / (p(t, y - x) - p(t,x ))dt, 
Jo 

where xq = for a > d = 1, and xq = 1 for a = d = 1. In this case 

n Q (x) = - log— r 

7r |rc | 

for a = d = 1 and 

n a (x) = (2r(a)cos(vra/2))- 1 |3;r~ 1 ) x £ R d 
for a > d = 1. For further information on the potential theory of stable processes we refer to 

nam]. 
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Below we consider stable processes (X t ) t >o extended over the time-line R instead of defining them 
only on the semi-axis R + as usual. Consider the measurable space (Q, B(Q)), with 17 = D r (R; R d ), 
as well as ft = D T (R + ,H d ) x A(R + ,R d ) and P x = P X x P x . Let u = (wi,w 2 ) G ft and define 



wi(t), t > 0, 
w 2 (-t), t < 0. 



Since X t {u) is cadlag in t G R under P x , X : -»• (ft,£(ft)) can be defined by X t (w) = 

X(w). It is seen that X G £>($7)/£>(ft) by showing that X _1 (E') G <B(fi), for any cylinder sets 
E G jB(f2). Thus X is an ft-valued random variable on ft. Denote again the image measure of P x 
on (ft,B(ft)) with respect to X by 

=p I oF 1 . 

The coordinate process denoted by the same symbol 

(2.3) IcweSl^ w(t) G R d 

is an a-stable process overU on ($7, £>(ft), P x ), which we denote by (X, P :c )j e R. The properties of 
the so obtained process can be summarized as follows. 

Proposition 2.1. The following hold: 

(1) P x (X = x) = l 

(2) the increments (X ti — X ti _ 1 )i<j< n are independent symmetric a-stable random variables for 

any = to < t\ < ■ ■ ■ < t n with X t — X s = X t ~ s for t > s 

(3) the increments (X- ti _ x — X- ti )i<i<n are independent symmetric a-stable random variables 

for any = —to > —ti > • • • > —t n with X_ t — X„ s = X s _ t for —t > —s 

(4) the function Xt(co) G R is cadlag for every uj 

(5) Xt and X s for t > and s < are independent. 

It can be checked directly through the finite dimensional distributions that the joint distribution 
of Xt , . . . , Xt n , — oo < to < t\ < . . . < t n < oo with respect to dx ® dP x is invariant with respect 
to time shift, i.e., 



Jut 



dxE x 



i=0 



dxW 



U+s) 



.i=0 



for all s G R. Moreover, the left hand side above can be expressed in terms of (X t , P x )t>o as 



dxW 



,i=0 



/ 



dxB x 



tlfi&U-to) 



.i=0 



We also will need to consider the process (Xt)t> s starting at an arbitrary time s G R. For s, t G R 
and x, y G R d we denote its transition density by 



p(s,x,t,y) 



p(t — s,y — x) for s < t 
for s > t. 



By P XyS and E^' 5 we respectively denote the distribution and expectation of the process (X t ) t > s 
starting at the point x G R d at time s G R. We have 



P*>'(X t €A)= I p(s,x,t,y)dy, 
J A 
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where by (X t ) t >o we mean the canonical right continuous coordinate process evaluated at time 
t > s, and A £ H d is a Borel set. When s = 0, we simply write P x and Pi x as before. The following 
time translation and scaling properties hold: 

(X t ,P*> s ) I (^..F), (^t,P x ' s ) = (rX r - at ,P xr - 1 > sr - a ), r > 0. 
2.2. Stable bridges 

Let / C R be an interval, and denote by 0/ = D r (I, R d ) the space of cadlag functions from / to 
R d . We denote by Ti the cr-field generated by the coordinate process ui(t), uj £ t £ I. 

For x,y E R d and s, i E R, s < t, we respectively denote by P^'* and E*'* the distribution and 
expectation of the symmetric a-stable bridge (X r ) s < r < t starting in x £ R rf at time s £ R given by 
Xt = y (see [13j Th.l, Th.5], also [21], [JJ Sect. VIII. 3]). In fact, (Pylt)yeR d ^ s a re g u l ar version 
of the family of conditional probability distributions P XyS [ ■ \Xt = y), y £ R d , that is, if Y > is 
F\ B ,t] -measurable and g > is a Borel function on R d , then [2H (2.8)] 

(2.4) E*> S [Y^)] = / E^ry] & (y)p(t - S ,y- x)dy. 

Clearly, P x y f t (X s = x, X t = y) = 1. 

For x, y £ R rf and s, i £ R, s < t, we denote by v fg\ the non-normalized measure on (fi[ S) t], F[ s ,t]) 
corresponding to the symmetric a-stable bridge (X r ) s < r < t given by 

(2.5) v*> y t] (-)=p(t-s,y-x)P x y l s t (-)- 

Thus for s = to < ti < t2 < ■■■ < t n < t n+ \ = t and Borel sets A%, A2, A n C H d we have 
ffjMtl) £ Ai, w(i 2 ) £ A 2 ,...,w(*n) £ A„) 

(2.6) ' ' n+1 



JAi JA„ i=1 



where = x and z n+ i = y. Since za'^ is a measure defined on the set of right continuous paths 
with left limits, we may also identify u, as a measure on (fin,, ^"[s.t])- 

2.3. Fractional Schrodinger operator and its Feynman-Kac semigroup 

Recall that the operator with domain H a (R d ) = {/ £ L 2 (R d ) : \k\ a f £ L 2 (R d )}, < a < 2, 
defined by its Fourier transform 

(-Ap2/W = |A;|«/>), 

is the fractional Laplacian of order a/2. It is essentially self-adjoint with core Co°(R d ), and its 
spectrum is Spec((-A) a / 2 ) = Spec ess ((-A) a / 2 ) = [0,oo). 

Let V : R d — > R be a Borel measurable function. We call V potential and view it as a multipli- 
cation operator to define fractional Schrodinger operators by choosing it from a suitable function 
space. We define the space of potentials we will consider. 

Definition 2.1. (Fractional Kato-class) We say that the Borel function V : H d — > R belongs 
to the fractional Kato-class K a if V satisfies either of the two equivalent conditions 



lim sup / \V(y)U a (y - x)\dy = 

e ^°x£R d J\y-x\<£ 
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and 

lim sup / (P s \V\){x)ds = 0. 

We write V G )C" oc if VIb G JC a for every ball B C R rf . Moreover, we say that V is a fractional 
Kato-decomposable potential whenever 

V = V + - V- with V- G ZC Q , V + G /Cf oc , 

where F + and V- denote the positive and negative parts of V, respectively. 

For the equivalence of the above conditions see (2.5) in [10J. To keep the terminology simple, in 
what follows we omit the explicit qualifier "fractional" . 

Example 2.1. Some examples and counterexamples of Kato-potentials are as follows. 

(1) Locally bounded potentials: Let V G Lj^ c (R ). Then for all a G (0, 2) we have V G JCf oc and 
V is Kato-decomposable. 

(2) Locally integrable potentials: Let a G (0,2). Then }Cf oc C L 1 1 oc (R d ). 

(3) Potentials with local singularities: Let k G N, X{ G R d , ft > and £\ G { — 1, 1} for 1 < i < k. 
Then the potential 

k 

V(x) = ^2 £i \ X ~ X i\~ l3i 
i=l 

belongs to fC a whenever each ft < a for a < d, and ft < 1 for a > d = 1. 

(4) Coulomb potential: Let <i = 3. In the light of (3) above the Coulomb potential V(x) = — 
belongs to Kato-class IC a for a G (1,2) only. 



Definition 2.2 (Fractional Schrodinger operator for bounded potential). If V G L°°(R d ) 
we call 

(2.7) H a := (-A) Q / 2 + V, < a < 2 

fractional Schrodinger operator with potential V. We call the one-parameter operator semigroup 
| e -iff a : t > 0} fractional Schrodinger semigroup. 

The above operator is self-adjoint with core Co°(R d ). 

We define the Feynman-Kac functional for the symmetric a-stable process by 

e v (t) := e v (t){u) = e -tiv(X s (u))ds } t > Q _ 
If V G IC a , then there are constants Cy\ Cy^ such that 

(2.8) sup E x [e_ lvl (t)] < e c v )+c v h . 

x-eR d 

When V is Kato-decomposable, then clearly ey(t) < e_y_(t), and therefore 

(2.9) sup B x [e v (t)] < e v - v -\ 

x€R d 

Clearly, V+ has a killing effect and V- has a mass generating effect in the Feynman-Kac functional. 

The following theorem states that a Feynman-Kac-type formula for fractional Schrodinger oper- 
ators with Kato-decomposable potentials holds. 
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dx. 



Theorem 2.1 (Functional integral representation). Let V £ L°°(Yl d ), and f,g£ L 2 (R d ). We 
have 

(2.10) (f,e- tH "g) L 2= [ E x \j{Xo)g(X t )e-foy^)ds 

Furthermore, let V be a Kato-decomposable potential and define 

{T t f){x):=W[e v {t)f{X t )], t>0. 

Then {Tt : t > 0} is a strongly continuous symmetric semigroup. In particular, there exists a 
self-adjoint operator H bounded from below such that e~ tH = Tt- 

For a proof we refer to [22]. For sufficiently regular potentials V we can define H a as an operator 
sum, while for general Kato-decomposable potentials we use H in the theorem above to define H a 
as a self-adjoint operator. 

Definition 2.3 (Fractional Schrodinger operator for Kato-class). Let V be a Kato decom- 
posable potential. We call H given by Theorem 12.11 a fractional Schrodinger operator for Kato- 
decomposable potential V. We refer to the one-parameter operator semigroups {e~ tHa : t > 0} 
and {Tt : t > 0} as the fractional Schrodinger semigroup and Feynman-Kac semigroup with Kato- 
decomposable potential V, respectively. 

Kato-decomposable potentials allow good regularity properties of the corresponding Feynman- 
Kac semigroup. By |22^ Th. 4.13] each Tt is a bounded operator from L p (R d ) to L 9 (R ), for all 
1 < p < Q < oo. Moreover, it can be verified directly that all operators Tt are positivity preserving. 
Now we state the existence and basic properties of the kernel for the semigroup {Tt : t > 0}. 

Lemma 2.1. Let V be a Kato-decomposable potential. The following properties hold: 

(1) for every fixed t > the operator Tt has a bounded integral kernel u(t,x,y), i.e. Ttf{x) = 
J Rd u(t, x, y)f{y)dy, t > 0, x G K d , f e £ p (R d ), 1 < p < oo; 

(2) u(t,x,y) = u(t,y,x), for every t > 0, x,y € R d ; 

(3) /or every t>0, u(t,x,y) is continuous on H d x H d ; 

(4) u(t,x,y) is strictly positive on (0, oo) x H d x H d ; 

(5) for all x, y G R d and s,f£R, s < t, the functional representation 

(2.11) u(t-a,x,y) = J e~/' WM)*^. * (w)> 
holds, where the a-stable bridge measure i/f'^ is given by \2. 5\) . 

The proof of this lemma follows by standard arguments based on [17} Section 3.2] and we omit it. 

2.4. Potential theory of fractional Schrodinger operators 

Here we introduce some potential theoretic tools for fractional Schrodinger operators needed for our 
purposes, and show some technical lemmas to be used in proving our results concerning intrinsic 
ultracontractivity and ground state estimates below. For background we refer to [91 1101 ^14" ! 115 1 [T7]. 
The potential operator for the semigroup {T t : t > 0} is defined by 



/*oo r /"oo 

G v f{x) = / T t f{x)dt = W / e v (t)f(X t )dt 
Jo Uo 
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for non-negative Borel functions / on H d . If J °° UTtllco ^ < 00 > then by the L p -to-L q boundedness 
of Tf it follows that G v is a bounded operator on L p (R, d ), 1 < p < 00. In particular, G 1 G L°° and 
G y has a symmetric kernel given by (^(x, y) = J °° u(t, x, y)di, i.e., G v f(x) = J* Rd G y (x, y)f{y)dy. 
The 1^-Green operator for an open set D is defined by 



poo pr D 

G v D f(x) = W[t< r D ; e v (t)f(X t )] dt = E x / e v 
Jo Uo 



(t)f{X t )dt 



for non-negative Borel functions / on D, where tjj = inf{t > : Xt ^ D} is the first exit time of 
the process (X t )t>o from the set D. Denote 

v D (x) = G v D l{x). 

The following technical lemma will be used below. 

Lemma 2.2. Let D C K d be a non-empty bounded open set, and V be a strictly positive and 
bounded potential on D. Then for all x G D we have 



1 - exp(- sup V(y)) 



P x (r D > 1) 
sup yeD V(y) 



< v D (x) < 



1 



inf ygjD V{y) 



Proof. Fix D C R d . To simplify the notation denote (3 = sup yg £) V{y) and C, = inf yg D V(y). For 
x G D we have 



= E* 
_ E x [l 



Moreover, 

v D {x) = E x 



T D 



-f*V(X s )ds dt 



e -p V{X s )ds dt 
} - > (1 



TD 



-f*dt 



P x (t d > 1) 



< E x 



TD 



< l dt 



E x 



<T D 



c 1 < r 1 . 



□ 



Furthermore, if D' is an open set such that D C D' C R rf and / is a non-negative Borel function 
on D' , then by the strong Markov property of stable processes we have for every x G D 

'•TD 



G v D ,f(x) = E x 



e v (t)f(X t )dt 



E x 



(2.12) 



G v D f(x) + E x 
G v D f(x) + E x 



■£ D V(X s )ds 



e v (t)f(X t )dt 

TD 

■» e -n D y^s)ds f{Xt)dt 



TD 



ey(r D )E X ^ 



e v (t)f(X t )dt 



G v D f{x) + E x e v (T D )G v D ,f(X TD ) 



Define 3>(i) = sup xgR d E x [t < T£>;ey{t)\, t > 0. If <I> G L 1 (0,oo), then by standard argu- 
ments GY)1 G L°° and is given by a symmetric kernel G^(x,y), x,y G D, i.e., G^f{x) = 
Id GD~( x iy)f(y)dy (see [T71 cor. Th. 3. 18] and [9j p. 58]). It can be easily checked that this condition 
is satisfied when, for instance, V G JC" oc , V > Cy > on D. The function G^(x,y) is the V-Gveen 
function of the set D. 
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It is easy to see that if V > on D, then the function ud(x) := E^fe^To)] is bounded in D. If 
D is a bounded domain with the exterior cone property and ud(x) is bounded in D, then for / > 
we have 

(2.13) E x [e v (r D )f(X TD )}=A [ G V D (x,y) [ l^— dzdy, x £ D, 

Jd J dc \z - y\ a+a 

see eq. (17), Th. 4.10]. 

The following estimate will be important below. For any 7 > 0, 7 7^ d, there exists C 7 > such 
that 



(2.14) ( (l + \y\)^\x-y\- d - a dy <C 7 \x\-' : 

JB{x,\x\/4) c 



for \x\ > 1, where 7' = min(7 + a,d + a). The result follows from [271 Lemma 4] for 7 > 0, while 
for 7 = it is trivial. 

The next lemma is a generalization to Kato class of [24} Lemma 6] , where the result was obtained 
for V G L^ c . It concerns the comparability of functions ud and vd when D is a ball, and plays a 
crucial role in the proofs of the main theorems in this section. 

Lemma 2.3. Let V G JC" oc , D = B(x,r), r > and < k < 1. There exists a constant C r , K > 
suc/i i/iai i/F > on D, then 

(2.15) C~l v D {y) < u D {y) < C r , K v D (y) 
for all y G B(x, nr), x G R d . 

Proof. The proof can be done by similar arguments as for its version in case of V G -^^ c - However, 
the equality 

fTD 

(2.16) / e v (t)V(X t )dt = 1 - ev(ro), P 2 - a.s., z£R d 

JO 

valid in that case needs to be modified here. To obtain it for V G tC" oc it suffices to observe that 
V D G lC a for V D = V1 D . Then for all z G R rf the function $(t) = Vb(X t ) is P z -a.s. locally 
integrable in (0, 00) and eyb(i) is P 2 -a.s. locally absolutely continuous in (0, 00), and thus (12. 161) 
follows. □ 

By using the above lemma it is possible to extend \24:\ Theorem 6] to potentials V G K? . This 
implies the following estimate which will be a crucial step in the proof of the characterization of 
ultracontractivity properties of the fractional Schrodinger semigroup below. 

Lemma 2.4. Let V G K,f . Suppose that there is R > such that V(x) > 1 for \x\ > R. 
Then there exists a constant C > such that if r > 0, xq G H d , \xq\ — r > R and f(x) = 
E x [ev{T B{ x ,r))f{X TB(x() r) )} for x G B(x ,r), f > 0, then 

(2-17) f(x) < C [ L , f % +a dy 



B{x ,r/2Y W ~ X 0| 



for x G B (xq, r/2). 



Note that the function satisfying the mean-value property as in the lemma above is known as regular 
I/-harmonic in B(xQ,r) (for more details see [HI p. 83]). 
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3. Ground state estimates for fractional Schrodinger operators 



3.1. Ground state 



The following is a standing assumption for the remainder of this paper. 

Assumption 3.1. We assume that Ao := inf Specif is an isolated eigenvalue and the correspond- 
ing eigenfunction such that H^olh = 1> called ground state, exists. 

Remark 3.1. 

(1) Existence: There are few results in the literature on the existence of ground states for frac- 
tional Schrodinger operators. In [121 Th. V.l] the case of "shallow" potentials has been discussed. 
Specifically, it is shown that whenever V is non-positive, not identically zero and bounded with 
compact support, then H a has a ground state ipo corresponding to the negative eigenvalue Ao if and 
only if (Xt)t>o is recurrent, i.e., if d = 1 and a S [1,2). 

(2) Uniqueness: Recall that the non-negative integer m(Ao) = dimker(ff Q — Ao) is the multiplicity 
of the ground state, and whenever m(Ao) = 1, the ground state is said to be unique. If V is a 
Kato-decomposable potential, then Ttf{x) = J* Rd u(t,x,y)f(y)dy > for every positive / G L 2 (R d ) 
by Lemma |2. II (4). thus the operator Tt is positivity improving, Vt > 0. Then the Perron- Frobenius 
theorem [30J implies that m(Ao) = 1 and (po has a strictly positive version whenever it exists. 

By similar arguments as in the proof of Lemma 12. II (3) we can show that T t (L°°(R d )) C C b (R d ). 
Since T t ip (x) = f Rd u(t, x, y)ip (x)dx = e~ Xot ip (x) and the operator T t : L 2 (R d ) ->■ L°°(R d ) is 
bounded, ipo is a continuous and bounded function. We denote the spectral gap of the operator 
H a by A := inf (Spec H a \ {Ao}) — Ao- We quote the following well-known lemma as it will be used 
below (for a proof see [5]). 

Lemma 3.1. For all t > 2 

sup \u(t,x,y) - e- Xot <p (x)My)\ < Cye-^+^K 

x,ye~R d 

3.2. Compactness of T t 



When for every t > the operators Tt are compact, the spectrum of Tt is discrete. The corresponding 



eigenfunctions f n satisfy T t ip r , 



- Ant 



(p n , where Aq < Ai < A2 <...—)• 00. All <p n are bounded 



continuous functions, and each A n has finite multiplicity. Whenever V is non-negative, Ao > 0, 
however, if V has no definite sign, then it may happen that Ao < 0. In what follows this more 
general case will be considered. 

Lemma 3.2. Let V be a Kato-decomposable potential. IfV(x) — >■ 00 as \x\ — > 00, then for allt>0 
the operators Tt are compact. 

Proof. For any x G denote D := B(x, 1). Let t > be fixed. We have 



T t l(x) = E x [e v (t)} = E* 



t d > t; e 



-f*V(X s )ds 



+ E X 



t d < t; e 



■ ti(V+{X s )-V-(X s ))ds 



< e - iinf yeD V(y) _|_ 



- So D V+{X 3 )ds JoV-{X a )ds 



-j; D 2V+(X s )ds 



1/2 



E a 



X2V-(X s )ds 



1/2 



< e -tmf yeD V(y) +Cyt / E 



-2infj, SD V(»)tb(o,1) 



v 1/2 
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by Schwarz inequality. Since V(x) — > oo as \x\ — > oo, ]hn\ x \_> OQ T t l(x) = follows. 

Let now (V r> t), r > 0, be the family of operators given by the kernels v r (t, x, y) = u(t, x, y)ls(o,r) (?/)> 
i.e., V r>t f(x) = J Rd v r (t,x,y)f(y)dy, f £ L 2 (R d ). We have 

/ (v r (t,x,y)) 2 dxdy = / (u(t, x,y)) 2 dxdy 

R d JR d JB{0,r) JR d 



< 



Cy )t / T t l(y)dy < C v , t e C v +c v l \B(0, r)\ < oo. 

JB(0,r) 



J(0,r) 

Hence V^j is a Hilbert-Schmidt operator, thus compact. Furthermore, by Schwarz inequality 

2 

dx 

?(0,r) c 



T t f-V r ,tf\\l= I I u(t,x,y)f(y)dy 

jR d JB(0,rY 



< / u(t,x,y)dy / u(t,x,y)\f(y)\ dydx 

JR d JB{0,rY JB{0,rY 

< e cf+C$h f f u (t,x,y)\f(y)\ 2 dydx 



R d JB(0,rY 

= e C^ + C^tf f u{ t, x , y )dx\f{y)\ 2 dy 

JB(0,rY JR d 

<C v ,t\\f\\l sup T t l(y). 

y£B(0,rY 

Since lim^ x ^ oa Ttl(x) = 0, it follows that Tt can be approximated by compact operators V Tj t in 
operator norm. Thus Tt is compact. □ 

3.3. Decay of the ground state 

Notice that the condition V(x) — > oo as \x\ — > oo implies that supp(V_) is a bounded set and 
V = V+ > on (supp(y_)) c . Thus we are able to make use of the results of Section 3.1 for V and 
D = B(x, r) such that D n supp(V_) = 0. 

Lemma 3.3. Let V be a Kate-decomposable potential such that V(x) —> oo as \x\ —> oo. Put 
D = B(x, 1). Let f be a non-negative bounded function on H d with the property 



f(x) < cfiv D (x) t sup f(y) + / f(z)\z - x\ 

\veB(x,\x\/2) JB(x,\x\/2) c 



- d ~ a dz 



y y€B(x,\x\/2) JB(x,\x\/2) c 

for any \x\ > 3 such that D n supp(V_) = 0. Then 

f(x)<C®v D (x)\x\- d - a 
for all \x\ > 3 such that D n supp(Vl) = 0. 

Proof. This can be obtained by an adaptation of the proof of |24} Lemma 5]. 



□ 



For rj > denote V v = V + rj and 



VD, v (x) = E 2 



TD 







e Vv (t)dt 



-,Vn 



This implies that vort = Gpl. The following theorem gives sharp ground state estimates for the 
Kato-decomposable potential V = V + — V- outside the support of V- . 
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Theorem 3.1 (Ground state estimates). Let D := B(x,l) and V be a Kato-decomposable 
potential such that V(x) —> oo as \x\ —> oo. Then for every rj > such that rj + Ao > 0, there exist 
constants and Cyl such that if D D supp(V_) = 0, then 



C$ v v DfV (x) C^v DjV (x) 



(3 ' 1} (i + |x|)^ -^ o(x) -(i + N)^ 

for every x £ H d . 

Proof. Take rj > such that Ao + n > (if Ao > 0, we may take rj = 0). Notice that on integration 
in the equality 

e -(Ao+^ o(x) = e -vt Tm{x) = E x [e Vri (t)<p (X t )] 

we obtain 

<Po(x) = (A + r/)G% (z)- 
By (|2.12p applied to £)' = R d and / = ^ we furthermore get 

(3.2) ^q(x) = (A + ??)GgVo(z) + E*[ey r) (T D )< A) (X T J], x e D. 

First we prove the upper bound. Let \x\ < 3 be such that D n supp(^_) = 0. By (j3.2|) and ()2. 15[) 
we have 

¥q{x) < H^olloo ((Ao + i])v DtV (x) + u d ,t,(x)) < C v ,r,VD,n(x)(l + \x\)~ d ~ a . 
Now let \x\ > 3 be such that D n supp(Vl) = 0. With r = by (|32J) and (ETT31) we have 

Mx) = (A + ??) / G^{x,y)My)dy + ~E x [X TD G # c n B(x, r); e Vr) (t d )^ (X Td )} 

+ B X [X TD € B(x,r) c ;e Vv (T D )MX TD )} 
< (A + n)v D , n {x) sup 99 (y) + u D>v (x) sup v? (y) 

y&B(x,r) y&B(x,r) 



+ A I G%(x,y) [ ^(z)\z-y\- d - a dzdy. 

JD JB(x,r) c 



By (|2.15p furthermore 



<Po( x ) < (Ao + ri)v D>rl (x) sup <y9 (y) + Cv DiV (x) sup ^ (y) 

y&B(x,r) y&B(x,r) 

+ C f G%(x,y)dy [ <p (z)\z - x\~ d ' a dz 

JD JB(x,r) c 



< Cv,r,VD,r](x) SUp <p (Z/) + / 
\y€B(x,r) JE 



(x,r) 

d—a 



<p (z)\z - x\-*- a dz 

B(x,r) c J 

follows. On an application of Lemma [3.31 to / = (po we obtain (fo(x) < Cy^VD,ri{x)\x\~ d ~ a for 
\x\ > 3 and D n supp(y_) = 0. This gives the claimed upper bound. 
To show the lower bound we use (|3.2|) again. Let \x\ < 2; then 

Vo(x) >(n + Xo)v Dtri (x) inf <p (y) > C v , v v D , v (x){l + \x\)~ d ~ a . 

yeB(0,3) 
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Take now \x\ > 2. By (J52J and (f2TT3|) we have 

> E x [e qri (td)<£o (X Td )] = C [ G V J(x,y) [ <p (z)\z - y\- d ~ a dzdy 

J D JD C 

>C [ G%(x,y) [ ^{z)\z-y\- d - a dzdy>C v v D ^{x)\x\~ d ~ a . 



D JB(0,1) 



□ 



By using Lemma 12.2^ we can derive sharp estimates for vd„(x) in many cases of sufficiently 
regular potentials. The following corollary gives explicit two-sided bounds on the ground state for 
potentials subject to an extra condition. 

Corollary 3.1. Let V be a Kato-decomposable potential such that V(x) —> oo as \x\ —> oo. More- 
over, let ic{x£ H d : V(y) > 1 for y G B(x, 1)}, and My : A > 1 be a constant such that for every 
x £ A we have 

(3.3) V{z) < M VA V(y), z,y G B{x, 1). 

Then there exist constants Cy A and Cy A such that for all x G A the estimates 

V A VA 

(3-4) V{x){l + \x\) d + a - - V(x){l + \x\) d + a 

hold. 

Proof. First we fix r\ in Theorem 13.11 If Ao > put r\ = 0, if Ao < put n = — 2Xq. If Ao = 0, then 
we choose rj = 1. Fix now x G A. Let D := B(x, 1) and M = My,A- Observe that by condition 
(|3.3p we have 

M' 1 !] < M~ 1 {V{x) + rf) < inf V(y) + 77 < supV{y) + 77 < M(V(a?) + 77). 
This and Lemma 12.21 give 



Af . M 



V{x) + n ~ , /v ' ~ V(x) + r}' 
with M' = M' 1 (l - e- M ~ lv ) P°(tb(o,i) > 1), which implies ([32]) as a consequence of Theorem 



ED □ 

Example 3.1. We illustrate the above results on some specific cases of V. 

(1) Corollary 13.11 can be used to obtain ground state estimates for each of the following po- 
tentials: (i) V{x) = \x\ 2m , m G N, if \x\ > 2, (ii) V{x) = |x|^log(l + |x|), /3 > 0, if 
|x| > e, (iii) V(x) = eP\ x \ f3 > 0, for all x G R d , (iv) V(x) = \x\~ p e\ x \ 0<(3<a<dor 
0<(3<l = d<a, provided \x\ > 1 + 1//3. 

(2) Let V[x) = l{|cc|>i} log \x\ - l{| x |<i} -I),foi0<j3<a<dor0<f3<l = d<a. 
Then for |x| > 1 + e 



< <Pi(x) < 



\x\ d+a log \x\ \x\ d+a log |x| 

(3) By taking a = 1 and m = 1 in Example l(i) we obtain the massless relativistic harmonic 
oscillator. In the case d = 1 the spectral properties of the operator \J —d 2 j dx 1 + x 2 are 
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studied in detail in [28]. In particular, the large x asymptotics is established for all the 
eigenfunctions, and in particular for the ground state 



i V x e "' v ; x 2N J \ X 2 ( N + 1 ) 

is obtained, where a[ ~ —3.2482 denotes the first zero of the derivative of the Airy function 
Ai(x), and p n ,Qn are nth order polynomials defined by the recursive relations p n+ \{x) = 
p' n (x) + xq n (x) and q n +i(x) = p n {x) + q' n (x), with po(x) = 1, qo(x) = 0. For odd order 
eigenfunctions the leading term can be improved to order x -5 , for even order eigenfunctions 
it is of order X ELS predicted by Corollary 13.11 

Our next result concerns purely negative potentials. 

Theorem 3.2. Let V be a Koto- decomposable potential such that V+ = and V-(x) — > as 
\x\ — > oo. Suppose that Xq = infSpec(i? Q ) < is an isolated eigenvalue. Then there exists a 
constant Cy such that for all x G R d 

Cy 

Proof. Let first |x| < 2. We have 

M*)> inf My)>Cy(l + \x\)- d - a . 
y£B(0,2) 

Let now |x| > 2 and r] := — 2Ao > 0. Similarly as before, by integrating in the equality 

e- (Ao+ ^Vo(x) = e^Tmix) = E'K (t)<po(X t )], 

we obtain 

tpo(x) = (X + v)G Vv Mx)- 
Let D := B(x,l). Applying (I2TT2D to D' = H d and / = (p , and using §3/2$ and (I2TT31) . we 
furthermore get 



Mx) > B x [ev v (T D )vo(X TD )} = C I G%(x,y) [ (po{z)\z-y\ 

JD JD C 



-d—a 



dzdy 



>C f G%(x,y) [ <po(z)\z - y\~ d - a dzdy > Cyv^ix)^ 1 -' 

JD JB(Q,1) 



Since 



vd, v (x) = E a 



~D 



J*(V„(X s )- v )ds dt 



TD 



e 



-*dt 



> E 

V 

the proof is complete. □ 

Remark 3.2. Let d = 1 and a G [1,2). By using a martingale argument different from ours, it 
is possible to show that under the same assumptions as in the theorem above </?o is comparable to 
(1 + Ixl)- 1 -" PI Prop. IV.1-IV.3]. 

Example 3.2. Let d = 1 and a G [1,2). 

(1) Potentials with compact support: Let V ^ be a non-positive, bounded potential such that 
supp V C [—b, b], where b > 0. Then for x G R 

r W r (2) 

< Mx) < 



(l + |x|) 1+Q - ; - (l + \x^+ a 
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(2) Potential well: A special case of the above is 

-a, x G [—b, b] 



V(x) 



0, xe[-b,b] c , 



where a, b > 0. Clearly, in this case the two-sided estimates in (1) above hold. 

Example 3.3 (Coulomb potential). A case of special interest is the semi-relativistic Coulomb 
potential in d = 3, i.e., the operator (—A + m 2 ) 1 / 2 — m — It is known that in the case discussed 
in the present paper (i.e. for zero particle mass m = 0) the operator Hi = \J— A — A is unbounded 
from below when C > -. If C < —, then the operator H\ is bounded from below (in fact positive), 
but Special = Spec ess H\ = [0, oo) and inf Spec -Hi = is not an eigenvalue (see e.g. discussion in 
|18t p. 499]). Furthermore, as seen in Example 12.11 the Coulomb potential V(x) = — £t does not 
belong to the fractional Kato-class JC 1 . 

4. Intrinsic ultracontractivity of fractional Feynman-Kac semigroups 

4.1. Analytic and probabilistic descriptions of intrinsic ultracontractivity 

Intrinsic ultracontractivity (IUC) has been first introduced in [20 for general semigroups of compact 
operators and it proved to be a strong regularity property implying a number of "nice" properties 
of operator semigroups and their spectral properties (see, for instance, |19j). Important examples 
include semigroups of elliptic operators and Schrodinger semigroups either on R d or on domains 
D C R d with Dirichlet boundary conditions [21 \19\ [3] . More recently, IUC has been addressed also 
in the case of semigroups generated by fractional Laplacians and fractional Schrodinger operators 
on bounded domains [El [THJ, EU 123] , 

In this section we assume that all operators Tt are compact. If V is non-negative, then Ao > 0, 
however, in our case it may happen that Ao < 0. 

Definition 4.1 (Intrinsic fractional Feynman-Kac semigroup). Let 

fAt\ ~(+ \ e Xnt u(t,x,y) 
4.1 u{t,x,y):= — -— . 

We call the one-parameter semigroup {Tt : t > 0} 

(4.2) T t f(x)= f f(y)u(t,x,y)ip 2 (y)dy 
intrinsic fractional Feynman-Kac semigroup, acting on L 2 (R d , ip^dx). 

From a probabilistic point of view the intrinsic semigroup is more natural than {Tt : t > 0} since 
for every t > and x £ R d it has the property Tfl R d(a;) = 1. The intrinsic semigroup is generated 
by the operator — H a , where 

H a := U-^Ha-Xo)!!, 
and where the unitary map U : L 2 (R, d , ip 2 ) {x)dx) — > L 2 (R, d ,dx) is defined by 

(4.3) Uf(x) = Mx)f(x). 

For sufficiently regular functions / (e.g., from Schwartz space) this operator can be computed 
explicitly to be 
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Intrinsic ultracontractivity originally has been denned as the property that Tt is a bounded 
operator from L 2 (R d , (f^dx) to L°°(R d ) for every t > 0, however, for our purposes the following 
equivalent definition is more suitable. 

Definition 4.2 (Intrinsically ultracontractive semigroup). A semigroup {Tt : t > 0} is called 
intrinsically ultracontractive (IUC) if for every t > there is a constant Cy,t > such that 

(4.4) u(t,x,y) <C v ,t 
for all x, y £ RA 

Also, for our purposes below we propose the following property. 

Definition 4.3 (Asymptotically intrinsically ultracontractive semigroup). We call a semi- 
group {Tt : t > 0} asymptotically intrinsically ultracontractive (AIUC) if there exists to > such 
that for every t > to there is a constant Cy,t > for which 

(4.5) u(t, x, y) < C v>t 
for all x, y £ RA 

As it will be seen in Subsection 14.21 below IUC is a stronger property than AIUC. 



Remark 4.1. Clearly, it suffices to assume that (I4.5P holds for some to > as by the semigroup 
property it extends to all t > t . Also, it is easy to see that if {T t : t > 0} is AIUC, then there is 
to > such that for every t > to and all x, y G R d 



(4.6) 



u(t, x, y) > C { yl 



with a constant Cy\ > 0. The same applies for IUC, i.e., a lower bound holds for every t > 0. An 
immediate consequence of this is that if the semigroup is AIUC, then ipo £ L 1 (R d ). 

Lemma 4.1. The following two conditions are equivalent. 

(1) The semigroup {Tt : t > 0} zs AIUC. 

(2) TTie property 



(4.7) 



u(t,x,y) 1, 



holds, uniformly in (x,y) € R d x R d . 



Proof. The implication (2) => (1) is immediate, we only show the converse statement. We have for 
every x,y £ R d and i > 2to 

\u(t,x,y) - 1| 

/" f u(t , x,z)u(t - 2t ,z,w)u(t ,w,y) 



-dzdw 



- Xot <p (x)ipo{y) 



e A() Vo(x)^o(y) " e A °Vo(;c)¥>Q(y) 

u(i , x, z)ipo(z) (u(t - 2t , 2, w) - e" A °(*~ 2 *°Vo(^)9 5 o('w)) u(t ,w, y)(pa{w) 



n d Jn. d 



< e 



u(t ,x,y) 



e A oVo(x)^o(^)^o(^)v : 'o(y) 
u(t — 2to, z, w) 



dzdw 



e -^t-2t ) Mz)Mw) 



ipo(z)(po(w)dzdw 



< Ce 



x t 



R d J~R d 



u{t - 2t ,z,w) - e- Xo{t - 2to ^o(z)Mw) 



dzdw 



1/2 
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The last factor on the right hand side is the Hilbert-Schmidt norm of the operator T t -2t — 
e -X (t—2t )p where P vo : L 2 (R d ) — > L 2 (R d ) is the projection onto the one dimensional subspace 
of L 2 (R d ) spanned by (fo. This gives 

/ oo \ V 2 / oo \ V 2 

\u(t, X, y) - 1| < Ce Ao ' ^ e -2A fc (t-2to) = Ce 2t X le -(^o)t £ e -2(A*-Ai)(t-2to) 

By dominated convergence the last sum converges to the multiplicity of Ai as t — > oo. Since Ai > Ao, 
dI2D follows. □ 

In Section 5 below it will be seen that (A)IUC has a direct impact on the properties of stationary 
Gibbs measures of stable processes under Kato-decomposable potentials. To obtain information on 
the structure of these measures (such as typical sample path behaviour and fluctuations) it is useful 
to understand IUC and AIUC in an alternative probabilistic way on the level of the semigroup 
{Tf.t> 0}. 

For the remainder of this section we will use the following conditions. 

Assumption 4.1. Suppose that V is a Kato-decomposable potential such that for every t > the 
operators Tt are compact. Moreover, let 

(4.8) T t l Rd (x) < C D , t T t l D (x), 

where t > 0, x G H d , D is a bounded non-empty Borel subset of R rf , and Cn,t > 0. We will consider 
the following assumptions. 

(1) For every t > there exists D and Co,t such that (I4.8P holds for all x € TL d . 

(2) For every t > and D there exists Co,t such that (14. 8p holds for all x € R d . 

(3) There exists to > such that for every t > to there is D and Co,t such that (14. 8h holds for 
all x e R d . 

(4) There exists to > such that for every t > and every D there is Co,t such that (|4.8p holds 
for all x € R rf . 

Clearly, by the semigroup property T t T s = T t+S whenever (14. 8p holds for some t > 0, set D and 
constant Cd,*, then it holds for all s > t with the same and C^^. 
First we note that IUC can be characterized by the above conditions. 



Lemma 4.2. Let Assumption \4-l\ (1) hold. Then the semigroup {Tt : t > 0} is IUC. Let the 
semigroup {Tt : t > 0} be IUC. Then Assumption^]} (2) holds. 

Proof. First assume that the semigroup {Tt : t > 0} is IUC. Fix t > and a bounded set D C R rf . 
For x G R rf we have 



r t l R d(a;) = / u(t, x, y)dy < C v ,t {{(foWtPoix)- 

jR. d 



On the other hand, 



T t l D (x) = / u{t,x,y)dy>C V)t ipo{x) \ (fo(y)dy 
Jd Jd 

and Assumption 14.11 (2) follows. 
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Let now Assumption ^. 11 (1) be satisfied. For every R^ and t > by the semigroup property 

u(t,x,y) = u(t/3,x, z)u(t/3, z,w)u(t/3,w,y)dzdw 

J-R d JB, d 

< Cy,t^/3lRci(a;)r t/ 3l R d(y) < C v ,tT t / 3 l D (x)T t/3 l D (y) 

^ c f ° V)t < w T t/3Mx)T t/3 My) = c Vtt e- 2Xot / 3 Mx)My)- 

{mf yeD ip (y)y 

□ 

Conditions (l)-(2) above were used also in [26] in proving IUC of the relativistic a-stable Feynman- 
Kac semigroup. A straightforward corollary of the above lemma is the following. 

Corollary 4.1. Consider the semigroup {Tj : t > 0}. 



(1) // Assumption gTT] (3) holds, then {T t : t > 0} is AIUC. If {T t : t > 0} is AIUC, then 
Assumption ^. 1\ (4) holds. 

(2) The semigroup {Tt : t > 0} is IUC if and only if either of the two equivalent Assumptions 
\4-l\ (1) and \4-l\ (2) is satisfied, and it is AIUC if and only if either of the two equivalent 
Assumptions\4- 1\ (3) and\4-l\ (4) holds. 



Using the above statements we can give an equivalent probabilistic definition of IUC and AIUC. 

Definition 4.4. Let V be a Kato-decomposable potential. We say that the corresponding semigroup 
{Tt '■ t > 0} is intrinsically ultracontractive (IUC) whenever for every t > there exist a non-empty 
bounded Borel set D C R rf and a constant Cy,t > such that for all x G R d 

(4.9) E x [X t G D c ; e v (t)} < C v , t [X t G D; e v (t)] 

holds. We say that the semigroup {Tt : t > 0} is asymptotically intrinsically ultracontractive (AIUC) 
whenever there exists to > such that for every t > to there is a non-empty bounded set D C R d 
and a constant Cyt > such that for all x G R d inequality (14. 9ft holds. 



4.2. Ultracontractivity properties of intrinsic fractional Feynman-Kac semigroups 

Our main goal here is to establish and characterize IUC and AIUC for fractional Schrodinger 
operators with Kato-decomposable potentials. While IUC usually is defined and considered for 
non-negative potentials, we do not assume positivity and include also the case when the bottom of 
the spectrum may be negative. 

First we need the following technical lemma. 



Lemma 4.3. Let V be a Kato-decomposable potential and D C R d be an arbitrary open set. Then 
for every t > we have that 



(1) W[l>r D -e v {t)] <CV, t E* 

(2) W [i<r D ;ey(0] < C v ,& x 



ev{rD)T±l(X TD ) 



< 



TD]e v (I)] sup y€D T 3t/4 l(y). 
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Proof. By the plain and the strong Markov properties we obtain 



2 > i- D ;e v+ (t)e- V _(t) 



< E x 

< E x 
= E x 



2 > r D ;e v (T D )e Jt d +x e^o 



e v (T D )B x ^ 
e v (r D )B x ^ 



M I 2 ) < -\ (J) 



T ( 2 I r - s 



2 



< sup E y 

< CWE* 



e-v_ ( 2 



E x 



e v (T D )E x ^ 



e v (T D )E x ^ 
t 



ev( 2 



This gives (1). Similarly, once again by the Markov property 



- < T D ;e v (t) 



E 2 



- < T D ;e v 



- ) E x '/ 4 
4 



-<r D ;e v l- 



< supr 3 , /4 l(y) E a 







^ < r D ;e v 





which completes the proof. □ 

For the remainder of this section we will use the following conditions. 

Assumption 4.2. Let V be a Kato-decomposable potential such that V(x) — > oo as \x\ — > oo. 
Consider the following assumptions. 

(la) For any t > there is a constant Cyj > such that for all x, y G R rf 

(4.10) u(t,x,y) < C v>t (l + |x|)- d -"(l + \y\)- d ~ a . 

(lb) There exists to > such that for any t > to there is a constant Cyj > such that for all 

x, y G K d (^TOj) holds. 
(2a) For any t > there is a constant Cy,t > such that for all r > 0, x G -B(0, r) c 

(4-11) E*[* < r-g (0jr)c ; ey(t)] < Cy, t (l + r)- d - Q . 

(2b) There exists to > such that for any t > to there is a constant Cy^ > such that for all 

r > 0, x G 5(0, r) c (I4TTTD holds. 
(3a) For any t > there is a constant Cy^ > such that for all x G R ' 

(4.12) 7U(x) <Cy, 4 (l + |x|)- d - Q . 

(3b) There exists to > such that for any t > to there is a constant Cyt > such that for all 
x G R d (I4TT2D follows. 

Our first main characterization result is as follows. 

Theorem 4.1 (Characterization of IUC and AIUC). Let V be a Kato-decomposable potential 
such that V(x) — > oo as \x\ — > oo. 

(1) The semigroup {Tt : t > 0} is intrinsically ultracontr active if and only if any of the three 
equivalent conditions (la), (2a), (3a) in Assumption^. 1\ hold. 
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(2) The semigroup {T t : t > 0} is asymptotically intrinsically ultracontr active if and only if any 
of the three equivalent conditions (16), (26) and (36) in Assumption ^. 2\ is satisfied. 

Proof. We only prove the equivalence of IUC with conditions (la), (2a) and (3a); the proof of 
equivalence of AIUC with (16), (26) and (36) can be done in the same way. We proceed in a 
succession of steps. 

(Step 1) For the proof of the implication IUC =^ (la) consider the set 

A = jx G K d : B(x, 1) n supp(V-) = 0} . 

Clearly, by the assumption on the potential A c is bounded and V > on each B{x, 1) for x E A. If 
x, y £ A, then (la) follows by the definition of IUC and the upper bound in Theorem 13. 11 Whenever 
x, y G A c , then the boundedness of u(t, x, y) and A c give (la). If now x £ A, y £ A c , then we have 

u(t,x,y) < C v , t <po(x)<po(v) < Cv,m(x) < C Vtt (l + \x\)~ d - a (l + \y\)- d - a 

by an argument similar as above. The case x S A c , y £ A follows by symmetry. 

(Step 2) By (la) we have 

EX [t < T B(o,rr> e v(t)} < E x [X t e B(0,r) c ;ev(t)} 

u(t, x, y)dy < C Vjt (l + \x\y d - a < C v>t (l + r)- d ~ a , 

B(0,r) c 

for x G 5(0, r) c . This gives (2a). 

(Step 3) Next we prove (2a) ^ (3a). Let R > 1 be sufficiently large so that V(y) > 1 for \y\ > R. 
Let \x\ > 2R, r = \x\/2 and D = B(x,r). It is clear that D n supp(U_) = 0. We write 



T t l{x) = E a 



- < T D ;e v (t) 



E x 



- > T D ;e v (t) 



By condition (2a) and Lemma 14.31 we obtain 



and 

Thus 
(4.13) 



< C v ,tE x 

< C Vit E x 

> T D ;e v (t) 



< td; ey 



< t- 



B(0,r)' 



:M (tI <Cy, t (l + \x\)- d - a 
<C v , t E x [e v (r D )T t/2 l(X TD )] . 



T t l(x) < C v>t ((1 + \x\y d - a + E x [e v {r D )T t/2 l(X TD ] 

We need to estimate the latter expectation. Put 

'E» [e v (r D )T t/2 l(X TD )] for y € D, 
T t/2 l(y) for y G D c . 

Then f(y) = E^ [e v (r D )f(X TD )], y G D, and by <^T7\i we obtain 

f(y) 



f(y) 



(4.14) 



fix) < C I 
Je 



B{x,r/2Y \V~ X 



d+a 



dy 



C 



[e v (r D )T t/2 l(X TD )] 



D\B(x,r/2) 



\y - x 



d+a 



dy + 



d+a 



d c \y x 



dy 
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Hence by a combination of (|4.13p and f|4. 14[) 

T t l(x) < Cv t 1(1 + \x\)~ d ~ a 



+ 



(4.15) 



B(x,r/2)< 



T m i{y) 

\y-x\ d+a V 



+ supE^ [e v (r D )T t/2 l(X TD )] (1 + \x\)' a 



is obtained. The fact that V > 1 on D and (|2.13|) imply for y G D that 

E" [e v (r D )T t/2 l(X TD )] = E^ [X TD G B(x,3r/2)\D;e v (r D )T t/2 l(X TD )] 

+ & [X TD G B(x,3r/2) c ;e v (T D )T t/2 l(X TD )} 

<u D (y) sup T t/2 l(z)+A [ Gl(y,z) [ 

zeB(x,3r/2) JD J B(x,3r 

<u D (y) sup T t/2 l(z) + Cv D (y) \ 

z<=B(x,3r/2) JE 

< sup T t/2 i(z) + c [ '■- ,;:;, ,///. 

«6B(a;,3r/2) JB{x,r/2)° \V ~ A + 

Thus we obtain from (|4.15j) 

r t/2 i(y) 



r t/2 i(«) 



:,3r/2)« l u - z 
T t/2 l{v) 



d+a 



dvdz 



B(x,3r/2) c \V — X 

T t/2 i(y) 



\d+a 



dv 



(4.16) T t l(x) < C v ,t (1 + \x\ 



-d—a 



B{x,r/2) c \V - X 



\d+a 



dy + sup T t/2 l(z)(l + \x\)' 



zeB(x,3r/2) 



Suppose now that for some 7 > 0, 7 / d, we have T4(x) < Cy,t, 7 (l + |x|) 7 , for all x G R d , t > 0. 
This clearly holds for 7 = 0. Then by (|4.16j) and (|2.14j) we obtain 

T t l(x) < CWl + \x\)- d ~ a + C V *M + \x\y- a 



(4.17) 



+ Cy. 



(1 + \y\)^\y - x\~ d - a dy < C v>t Jl + M)" 7 



B{x,r/2Y 



for 7' = min(7 + a,d + a) and |x| > 2R. Also, T4(x) < Cv,t, 7 (l + M)~ 7 for \x\ < 2R. 

Now, starting from (|4.16p again and taking 7 = 7 in (I4.17p . we obtain the bounds (I4.17P with 
larger 7'. By using this argument recursively, we can improve the order of the estimate T{l(x) < 
Cv,t,-y{l + \x\) 7 . If 7 = d occurs after some step, then we take 7 = d — ^ in the next one. On 
iteration, after [2 + steps T t l(x) < C v ,t(l + \x\)~ d - a follows, for all x G R d . 

(Step 4) To complete the proof of the theorem we prove the implication (3a) =>• IUC. By the bound 



u(t,x,y) 



u 



R d J~R d 



,x,z u 



,z,v u 



,y\ dvdz < C Vit T t/3 l(x)T t/3 l(y), 



it suffices to show that T4(x) < Cv,t<fio( x )i f° r x G ^l d anci t > 0. Put D = B(x, 1) and r = 
Let i? > 3 be sufficiently large so that L> n supp(Vl) = for \x\ > R. If Ai > 0, we choose r\ = 0, if 
Ai = 0, we choose 77 = 1, and if Ai < we choose 77 = — 2Ai. In all these cases rj + \\ > 0. Then we 
have 



(4.18) 



T t l(x) = e^e^Ttlix) = C v Je 



< r D ;e Vv (t) 



+ E a 



> r D ;e Vri (t) 
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where = V + rj. We start by estimating the first expectation in (|4.18p . Note that 



v D)V (x) = W 



TD 



'So Vv(^s)ds^ v 







> E a 



t 

i <r D ; 



> E a 



4 D ' 4 



-E 1 



4 e -Io v v( x «) ds dv 
t 



4<T D ;ev v . 4 



Using this, Lemma 14.31 (2) and condition (3a), we obtain 
(4.19) 



E x 



t 

2 < T D;e Vv (t) 



< C v ,tV x 



4 <ro;e Ml 



supr 3f/4 l(y) < Cv it Vi3 i7 ,(a:)(l + \x\ 
y eD 



-d—a 



For the second expectation in ()4.18j) a combination of Lemma 14.31 (1), (|2.13p . (|2.15p . condition 
(3a) and (pT4"D yields 



> T D ;e v (t) 



< Cv+W 



e Vv (T D )B x ^ 



C v ^ x 



X TD G B(x,r);e v (T D )E x ^ 



ev v \ 2 



X ri3 G J B(x,r) c ;e^(r I) )E 



" V 2 



<Cy )t U D)?7 (x) sup T t/2 l(y) + / G%(x,y) [ T t/2 l(z)\z - y\~ d - a dzdy 

\ yeB{x,r) JD J B(x,r) c 



< C Vtt I v D „{x){l + \x\)- d ~ a + v D>ri {x) 



B(x,r) c 



(1 + \z\)- d - a \z-x\- d - a dz 



<c V jv DjV (x)(i + \x\y d - a . 

By flUED and (IOTP this gives T t l(x) < Cv, t «D,,(a;)(l + " for > Thus by Theorem 

13.11 we obtain T t l(x) < Cy,t<Po( x ) for \x\ > R. Since </?o is continuous and strictly positive, we have 
that inf zg 5( 0) _R) v 3 o( 2 ) > 0- Hence for \x\ < R we have 



Ttl(x) < Cv, t inf ipx(z) < C v ,tfo(x), 



□ 



which completes the proof of the theorem. 

Using Theorem 14.11 a sufficient condition for (A)IUC in terms of the behaviour of the potential 
V at infinity is as follows. 

Theorem 4.2 (Sufficient condition for IUC and AIUC). Let V be a Kato- decomposable 
potential. Then: 

(1) If there exists R > 1 and Cy,R > such that for all \x\ > R 

V{x) 



(4.20) 



log \x\ 



> Cy,R, 



then each operator Tt, t > 0, is compact and the semigroup {Tt : t > 0} is asymptotically 
intrinsically ultracontractive. 
(2) // moreover 

y V(X) 

iim j — - = oo, 

\x\^oo log \x\ 

then the semigroup {Tt : t > 0} is intrinsically ultracontractive. 
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Proof. Denote g(r) = inf xg £( ,r) c V(x). We have 

mt<r^ r)c ;e v (t)]<e"^\ 

for every x 6 B(0,r) c , r > 0. 

First we prove (1). By condition (|4.2U|) we have limi !Z .|_ > . 0O V(x) = oo and by Lemma 13.21 each Tt 
is compact. Let r > R. Fix to = Cv R ' ^ assum Pti° n > f° r an t > to we have 



#0-) > Cv,fllog(r) > ^-^logr, 



which gives 

for r > R. We obtain 



e 



-fl(r)t < C(l + r)- 



EX [*<^(0,,-)- e v(t)]<C(l + r)- d - , 

for every x G 5(0, r) c , r > R, and f > f o = 
If r < 5 and x € B(0, r) c , then 

E ^ < ^(o,r)«=5 e v(*)l < CV.t = CV,t(l + 5) d+Q (l + R)- d - a < C v>t (l + r)- d - Q . 

Hence there exists to > such that for t > to and x £ B(0, r) c , r > 0, we have 

E "[* < T B(o, r y^v(t)] < C v%t {\ + r)- d - a . 

This is the condition (2b) in Assumption 14.21 and the assertion follows now by Theorem 14. li 

For the proof of (2) observe that by the assumption for every t > there is R > such that 
g{r) > log(l + r), for r > R. This leads us to the condition (2a) in Assumption 14 . 2 1 in a similar 
way as before and the assertion again follows by Theorem 14. 11 □ 

Theorem 4.3 (Necessary condition for IUC and AIUC). Let V be a Kato-decomposable 
potential such that V(x) —> oo as \x\ —> oo. 

(1) If the semigroup {T t : t > 0} is intrinsically ultracontractive, then for any e £ (0, 1] 

iim = oo. 

|a:|-Kx> log \x\ 

(2) If the semigroup {Tt : t > 0} is asymptotically intrinsically ultracontractive, then there exists 
a constant Cy > such that for every e £ (0, 1] there is R e > 2 such that for all \x\ > R e 

(4.21) SUP ^f( r\ V{y) > Cy. 

log \x\ 

Proof. Set r = ^ f° r \ x \ — 2 and D = B(x,e) for an arbitrary < £ < 1. First we prove (1). By 
Theorem 14. II the condition (2a) in Assumption 14.21 follows. Then we have for \x\ > 2 and t > that 

P*(t < r D )e- sup ^ y ^ < E*[* < T D ;ey(t)] < E x [t < r^ r)c -e v {t)] < C v , t (l + r)^. 

Hence for < t < 1 and |x| > 2, 

P°(l < r B(0i£ ))e- sup ^i 3 v '(2/) t < C V)t \x\- d - a . 

It follows that e- sup y^ viy)t < C v ,t,e\x\~ d " a and thus 

supj, eD V(y) a + d Cy it)£ 



log | x I t flog a; I 
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This implies liminf sup ^ o e g I jj[ fa) > St±i, for any < t < 1. 

For the proof of (2) observe that by using Theorem 14.11 and the condition (2b) in Assumption 
72l similarly as before, we have for |sc| > 2, 

P°(io < r m£) )e~ s ^y^ v ^ t0 < C v ,t \x\- d - a . 



It follows that 



and thus 



sm? yeD V(y)to < C VM 



P°(to < r B(0 , e )) 



Ml 



-d—a 



SUp yeD V(y) > 1_ / ^ l0 § (,P"(t <rs (0 , £) ) / 



log |x| to \ logp| 

Now it is enough to choose R £ > 2 such that for |x| > i? e we have 

1 ( < ^ v ' t 

a + d io S ^P"(t <r B(0 , e) ; 



> 



log p| 

□ 

For potentials V comparable on unit balls outside a compact set we obtain the following result. 

Corollary 4.2 (Borderline case). Let V be a Kato decomposable potential such that V{x) — > oo 
as \x\ —7- oo. Suppose there exist R > 1 such that B(0,R — l) c n supp(VL) = 0, and a constant 
My > such that for every \x\ > R and y e B(x, 1) 

(4.22) V(y) < My V(x) 

holds. Then: 

(1) The semigroup {Tt : t > 0} is IUC if and only if 

lim : — - = oo. 

\x\-Hx> log |x| 

(2) The semigroup {Tt : t > 0} is AIUC if and only if there exists R > and Cy^n > such 
that 

V(x) 

; j— 7 > <^V,R- 

log \x\ 

Proof. Straightforward consequence of Theorems 14.21 and 14.31 an< i (|4.22p . □ 

The borderline case for fractional Schrodinger operators can be compared with the classic result for 
the Feynman-Kac semigroup associated with Schrodinger operators H = — A + V which says that 
if V(x) = \x\P the semigroup is IUC if and only if f} > 2. Moreover, if (3 > 2, then cf(x) < (fo(x) < 
Cf(x), \x\ > 1, holds with some C, c > and 

f( x ) = \ x \-^ 4+ ^/ 2 exp(-2\x\ 1+ ^ 2 /(2 + (3)). 

For details see Cor. 4.5.5, Th. 4.5.11 and Cor. 4.5.8 in ESI, also [22. 



Remark 4.2. From the above it follows that for these processes IUC is a stronger property than 
AIUC. Indeed, consider 

V{x) = log |x|l {N>1} (x) - — j^l {N <i } (x). 
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Then the Feynman-Kac semigroup {T t : t > 0} corresponding to (— A) Q//2 + V is AIUC but it is not 
IUC. However, we do not know whether in the case of diffusions AIUC is a weaker property than 
IUC or not. 

Remark 4.3. From Corollary 14,21 it follows that the condition on V for the intrinsic ultracontrac- 
tivity of the semigroup generated by (—A)"/ 2 + V is much weaker than in the case of —A + V . This 
can be explained by a pathwise interpretation of IUC. While this will be done elsewhere in detail, 
we note that using the Feynman-Kac semigroup it is clear that the effect of the potential on the 
distribution of paths is a concurrence of killing at a rate of e~fo V+(x 3 )ds an( j mass generation at a 
rate of e^o V-(X e )ds _ However, if V(x) — > oo as \x\ — > oo, then outside some compact set only the 
killing effect occurs and E x [e~ fo V(x a )ds^ g[ ves ^ ne probability of survival of the process under the 
potential up to time t. Asymptotically the probability of survival of the process staying near the 
starting point x is roughly e ~ tv ( x ) ^ while the probability of surviving while travelling to a region D 
where the killing part of the potential is smaller is P x (Xt G D). From (]4.9j) we see that {Tt : t > 0} 
is IUC if and only if the probability that the process under V survives up to time t far from inf V is 
bounded by the probability that the process survives up to time t and is in some bounded region D, 
independently of its starting point. Comparing these two probabilities suggests that the outcome of 
the competing effects will be decided by the ratio V{x)/\ logP^JQ G D)\. The following examples 
support this interpretation. Take D to be a bounded neighbourhood of the location of inf V (in the 
examples below, the origin) and x G D c such that dist(x, D) is large. Denote in each case below by 
P x the measure of the process with V = 0. 

(1) Brownian motion: The expression P x (B t G D) = (47rt)~ rf / 2 f D e « dy gives Gaussian tails 

C) fV c < ( >l 2 < P x (B t G D) < C? ] e- C ^\ x \\ 



with C^ 4 ) > 0, leading to — logP^-Bt G D) x \x\ 2 for the borderline case as in |19| . 

(2) Symmetric stable process: By using estimate (j2.2j) we derive that 



x (X t G D) x tj^r^ = te-( d+ ^ los W, 



This gives — logP x (X t G D) x log \x\ for the borderline case of the potential, which agrees 
with Theorems 14.21 and 14.31 
(3) Relativistic stable process: Let (A" 4 m ) t > be a process in R d with parameters a G (0,2), 
m > 0, generated by the Schrodinger operator (—A + m 2 / a ) Q / 2 — m + V. It is proven 
in [26] that in case of non-negative potentials comparable on unit balls the corresponding 
Schrodinger semigroup is IUC if and only if lim| x |_ il00 = oo. Using estimates on the 
transition density [34] we obtain 

where C^ l \ > depend on m,t and D only, i.e., indeed — logP^X™ G D) x 
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5. Gibbs measures for symmetric a-stable processes 
5.1. Existence of fractional P(0)i-processes 

In this section we prove that provided Assumption 13.11 holds, there exists a probability measure \i 
on (D r (R,K d ),B(D T (R,R d )) such that for f,g £ L 2 (R d ) and Kato-decomposable potential V 



(5.1) 



(f,e- tH «g) = B ll f(X )g(X t ) 



t > 0. 



We will identify the probability measure [i as the measure of the Markov process (Xt)ten derived 
from the symmetric a-stable process (Xt)teB. under V, which we call fractional P{(j>)i -process. In 
the next subsection we show that, in fact, \i is a Gibbs measure with respect to the stable bridge 
measure and potential V, and will analyze its uniqueness and support properties. 

For an interval or union of intervals I C R we denote by Qj = D V (I, R rf ) the space of right 
continuous functions from / to R rf with left limits, and by J 7 / the cr-field generated by the coordinate 
process u(t), uj G Qj, t G I. Also, we will use the notations Q := J1r, J- := J-r, and consider a 
two-sided a-stable process (Xt)t^n with path space as defined in Section 2.2. 

Theorem 5.1. Let V be a Kato-decomposable potential, {Tt)t>o be the corresponding intrinsic 
fractional Feynman-Kac semigroup. Denote by Xt(u>) = u>(t) the coordinate process on (£1, J 7 ) and 
consider the filtrations [j-^) t>Q = a ^X s : < s < t\, (J-f) t<Q = a (^X s : t < s < 0^ . Then for all 
x G R rf there exists a probability measure fj, x on (0, J 7 ), satisfying the properties below: 



(1) fi x (X t = x) =1. 



(2) Reflection symmetry: (Xt)t>Q an d (-Xt)t<o are independent and 

X-t = X t , t G R. 

(3) Markov property: (X t )t>o is a Markov process with respect to \^t)t>o ! and (X t )t<o is a 
Markov processes with respect to (^f) t<0 - 

(4) Shift invariance: Let — oo < to < t\ < ... < t n < oo. Then the finite dimensional distribu- 
tions with respect to the stationary distribution ip^dx are given by 



(5.2) 



E„ 



n 

3=0 



ipl(x)dx = (fo, T tl -to fi- T t „-t n ^ fr, 



L 2 (R d , l p 2 ,dx) 



for fj G L°°(R d ), j = 0, ...,n, and are shift invariant, i.e., 



E, 



R rf 



3=0 



tp^(x)dx 



E, 



R d 



Um x < 

3=0 



tj+s) 



(p^{x)dx, s G R. 



We proceed now to prove Theorem 15. II in several steps. Let < to < h < ... < t n and let the set 



function u to , 

(5.3) 

and 
(5.4) 



B(R d 



R be defined by 



* / t ,-,*«( x i=oA?) : ~ [^Ao, T tl - to lAi— 2t n _ tn _ 1 1a t 



n J L 2 (R d ,tp%dx) 



1, Tt 1a 



L 2 (R d ,^dx) 



fl, 1 



A)L 2 (R d ,<p%dx) 
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(Step 1) Denote C = {icR.: card(L) < oo}. It can be verified directly that the family of set 
functions (vl)l^c given above satisfies the consistency condition 

Ho,.,U +m ((X?=o4) >< (x"=n m +lR d )) = ^o,...A(x"=0^)- 

Hence by the Kolmogorov extension theorem there exists a probability measure on the space 
((R ')! ' 00 ), j\4) , where M. is the <7-field on (R ')! - 00 ) generated by all cylinder sets, such that 

u t (A)=B u Jl A (Y t )}, 



vt ,...,t n {x^oAj 



3=0 



n > 1 



where Y t {uj) = u)(t), uj G (R^)! ' 00 ), is the coordinate process. Thus the stochastic process {Y t )t>o 
on the probability space 

((R d )[°'°°),.M,i/oo) satisfies 



(5.5) 



(5.6) 



3=0 



fo, T tl -t fx— T tn _ 4n _ 1 /, 



B u Jf (Y to )]= 1, T t0 / 



L 2 {H d ,<fildx) 

(1, /o) 



'L 2 (R d ,^dx) 

for fj £ L°°(R d ), j = 0, 1, ...,n, < t < h < ... < t n . Notice that the right hand side of ([53]) can 
be expressed directly in terms of symmetric a-stable process (X t ,P x )t>o, i-e., 



(5.7) 



E v 



i=o 



R rf 



e-C(nx s )-x ) d sT^ fj{XtM{XtJ 

3=0 



dx. 



uj : YAuj) does not have — oscillation infinitely often in [0, N] n Q > , 

k 



(Step 2) Next we prove the existence of a cadlag and a caglad version of the above process. In 
this step we check the standard Dynkin-Kinney type condition |31} p. 59-62] for this process. Let 
M C [0, oo) and e > and fix uj. The function Yt(uj) is said to have e-oscillation n times in M if 
there are to < £l < ••• < t n in M such that \Y tj (uj) — > e for j = 1, ...,n. Also, Y t {ui) has 

e-oscillation infinitely often in M if for every n, Yt{ui) has e-oscillation n times in M. Let 

Q,o = \ uj : lim Y s (uj) exists in H d for all £ > and lim Y s (uj) exists in H d for all £ > > , 

[ s£Q,slt seQMt J 

AN,k ■ 

n> 2 = n n AN > k - 

N=l k=l 

Clearly, f2' 2 £ T . Moreover, it is proven in |31| Lemma 11.2] that Q' 2 C 0,2- Define 
B(p, e, M) = {uj : Yt(uj) has e-oscillation p times in M} . 

Lemma 5.1. The following assertions follow: 
(1) For every e > we have 

Voo ({uj : \Y t (uj) - Y s (uj)\ > e}) ->■ as \t - s\ -> 0. 



(2) Voo (n' 2 



1. 
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Proof. To show (1) let < s < t. By fl57TD 



Voo {{cj:\Y t {u)-Y s (uj)\ >e}) 



R'' 



(x)JS? \e~^ S ^ x ^ dr M^s)l B ^,e)(X t - s ) 



dx 



1/2 



< / ^{x)dx sup (E* [e 2( y-x )(t ~ s)^ (X^ s )]) 1/2 (P x (X t ^ s G B c (x,e))) 

< Ml NIL (e^^f 2 (P°(X t _ s G B c (0,£))) 1/2 , 

which goes to as \t — s\ — > by stochastic continuity of the symmetric stable process (Xt)t>o- 

To prove (2) observe that it suffices to show that u OQ (A'j v k ) = for any fixed N and k. Again, 
using stochastic continuity of (X t )t>o, choose / large enough so that 



P ° ( ,-L)) <l/2. 



We have 



Voo(A c N ^) = ^oo ( { w '■ Yt(oj) has —-oscillation infinitely often in [0, N] n Q 



< 



oj : YAuj) has — oscillation infinitely often in 
k 



L-—N,jN 



nQ 



y~] lim i/qq ( B [p, -, 



Enumerating the elements of 



7 — 1 7 

■TV, ^ 



nQ 



Moreover, by (|5.7p we get 



J ~T~ N,J J N 



i ' r 

n Q as ii, •••) w e have 



HQ) ) = lim_ i^oo ( B ( p, T>{*1> ->*n} 



Voo ( S ( p, -,{h,...,t n } 



< / sup (E* [e 2 (V-Ao) WO ^o(^)]) 1/2 



PlB|P,p{ti,..,M 

1/2 



1/2 



□ 



Since by [3H Lm. 11.4] 

PX ( B ^ p {*!.-.*»})) < (2P° (%^ c (°'i))) P ' 
we have i/oo(^4jvfc) = and the lemma is proved. 

Lemma 5.2. The process (Yt)t>o has a right continuous version with left limits (i.e., cadlag) and 
a left continuous version with right limits (i.e., cdglad) with respect to the measure v^. 

Proof. The existence of a cadlag version is a consequence of Lemma [5.1l and the standard arguments 
in the proof of |3H Lm. 11.3]. In the same way we show the existence of a caglad version of the 
process (Y t ) t > . □ 
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Let now (Y^) t >o be the cadlag version of (Y t )t>o on ((R^)! ' 00 ), At, z^oo) • Recall that ^[0,00) = 
D T (R + ,H d ). Denote the image measure of on (^[0,00) > -^"[0.00)) by 

Q = Voc°(Yl)- 1 . 

We identify the coordinate process by Y t (uj) = to(t), for uj £ ^Woo)- Thus we have constructed 
a random process (Y t )t>o on (f2[o )00 ) > -^"[0,00)) Q) such that Y t ' = Y t . Then (|5.5p and ()5.6[) can be 
expressed in terms of (Y t )t>o as 



j=0 



1> Tt h 



L 2 (R, d ,ip%dx) 

!' /o)i i 2(Rd jV ,2 (fa ) = E Q [/ (Ft)] 



'L 2 (R d l¥ 3g(ix) 

Note that by considering the caglad version of the process (lt)i>o, we can also construct a random 
process on the space of the left continuous functions with left limits Di(R + ,H d ) satisfying the above 
equalities. 

(Step 3) Define a family of measures on (^[0,00)1 -^"[0,00)) by 

Q x ( ■ ) = Q( • \% = x), x e H d . 

Since the distribution of Yq is (fo(x)dx, we have Q{A) = J Rd ( / 9q(x)Eqx [l^Jdx. Then the process 
{Y t ) t >o on (^[0,00) , ^"[0,00), Q x ) satisfies 



(5.8) 



(5.9) 



(Vo, T tl -t fl— Tt n -t n ^ fr 



L 2 (R d ,ipldx) Jud 



<pI(x)Eqx 



j=0 



dx, 



R< 



' L 2 (R d ,</3Qdx) 

Lemma 5.3. (l*)t>o is a Markov process on (^[0,00) > -^"[0,00)1 Q x ) with respect to the natural filtration 
(Gt)t>o, where Q t = a [Y s , < s < t ) . 



Proof. Let 

u t (x,A) = T t l A (x), 

for every A G B(R d ), x G R d and t > 0. Clearly, u t (x,A) = E Qx [l A (Y t )} and, by (|£2D and (l53|) . 
the finite dimensional distributions of (Yt)t>o are given by 



(5.10) 



E 



Q x 



j=0 



/n n 
Y[l Aj (xj) Ylutj-t^Xj-^dxj), t = 0, x = x. 
j=0 j=0 



By using the properties of the intrinsic fractional semigroup (Tt)t<o it can be checked directly that 
ut(x, A) is a probability transition kernel, thus (Yj)t>o is a Markov process with finite dimensional 
distributions given by (|5.10p . □ 

(Step 4) We now extend (Yt)t>o to a process on the whole real line R. Consider = D r (R + , R d ) x 
D;(R + ,R d ) with an appropriate product a- field J- and product measure Q x , respectively. Let Xt 
be the coordinate process given by 

ui(t), t > 
oj 2 (-t), t<0 
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for uj = (uii,u}2) G ^- We thus defined a stochastic process (X t )t£R on the product space (f2, J 7 , Q x ) 
such that Q x (Xq = x) = 1 and R 9 i i— > X t (uj) is right continuous with left limits. It is easy to see 
that Xt, t > 0, and X s , s < 0, are independent, and = 

fStep 5) We now prove Theorem 15.11 

Proof of Theorem\5Jl Recall that SI = D r (R, R d ). Denote the image measure of Q x on (Q, F) with 
respect to X by 

, ,£ pix _ x^ — 1 
|U = y OA 

Let -X"t(o;) = i G R, w G O, denote the coordinate process. Clearly, we have 

X t = Y t , t> 0, and X t = YL U t < 0. 

Thus we see that X t = X_ t and by Step 4, (X t ) t > and (X t ) t <Q are independent. Furthermore, 
by Step 2, {Yt)t>o and (Y_()t<o are Markov processes respectively under the natural nitrations 
o~(Y s ,0 < s < t) and a(Y s ,0 < s < —t). Thus (X t )t>o and (X t )t<o are also Markov processes with 
respect to (T^tyo and (F^) t <o. 

It remains to show assertion (4) of the theorem. Let to < ti < ... < t n < < t n+ \ < ... < t n+m 
and /,- G L°°(R a! ) for j = 0, 1, n + m. By independence of pTt) 4 >o and (X t )t<o we have 



E„ 



Moreover, 



n+m 



n 

i=o 



(/?o(a;)<ia; 



E„ 



3=0 



E„ 



n /i(^t 

i=n+l 



99g(x)(ix. 



E, 



n+m 



and 



Hence 



E, 



n 

j=n+l 



i=o 



2~t n+1 fn+lTt n+2 -t n+1 fn+2--- Tf n ^ 



m L n + m 



-1 fn+n 



E, 



E, 



R'-' 



n+m 



n /i(^t 

j=0 



(/9g(x)<ix 



T—t n fnTt n —t n -i /n— I--- to /0; ^tn+l /n+l2t n+2 — t n +l fn+2--- Tt n+m -t n+m - 1 fn+m 
/o> 2*i— to/l"- 2< n+m -t n+m _i/n+m 



L 2 (R d iV gdx) 



L 2 (R d ,ipgda:) 

and (|5.2p follows. Shift invariance is a simple consequence of the above equality. 



□ 



Definition 5.1 (Fractional P(0)i-process). We call the process (Xj, /i x )t g R obtained in Theorem 
15.11 the fractional P ((ft) i -process for the Kato-decomposable potential V. We call the measure /i on 
(fi, J") with 



R< 



E^ [1a] (^o(x)dx 



fractional P((ft)i-measure for the Kato-decomposable potential V. 

For our purposes below it will be useful to see n as the measure with respect to the stable bridge. 
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Lemma 5.4. We have for A G F[ s ,t]> s, i G R, 

(5.11) p{A)=! dxMx) [ d Wo (y) f e-£W x *W-W*l A drf»Ju>). 

Proof. It is enough to check that the equality (|5.1ip holds for cylinder sets of the form A = 
{w(to) G Bq, u)(t n ) G B n }, where s < to < t\ < ... < t n < t and B\, B2, B n are Borel sets. 
This can be seen directly by (|5.2p . the Markov property of the symmetric stable process (X t )t>o, 

the fact that (X t , P s > x ) = (X t - s ,P x ), and the equalities (23]), QZM- D 
5.2. Properties of fractional P(0)i-processes 

In this subsection we show that the behaviour of Kato-decomposable potentials V at infinity (in 
particular, AIUC semigroups) has a direct influence on the properties of P(^)i-processes. A conse- 
quence of the construction in the previous subsection is that a P(</>)i-process is a stationary Markov 
process with stationary distribution p(A) = j A (pQ(y)dy, i.e., [i(X t G A) = p(A) for every fgR and 
Borel set A. 

Theorem 5.2. Let V be a Kato-decomposable potential, and consider the following properties: 

(1) The semigroup (Tt)t>o is AIUC. 

(2) There exists to > such that for every t > to we have 



sup ip Q {X t 
xeR d 



< 00. 



(3) For every Borel set A E R d 



lim p x (X t 6 A) = p(A) 
t— ¥00 



holds, uniformly in x G R rf . 
Then we have (1) <;=^ (2) (3). 

Proof. The implication (1) =^ (3) is a direct consequence of Lemma l4.1i To prove equivalence of 
(1) and (2) it suffices to see that AIUC is equivalent to the property that there exists to > such that 
for every t > to there exists a constant Cy,t such that for every x G R rf we have T t l(x) < Cyjtpo(x). 
However, this is trivially equivalent to (2). □ 

The asymptotic behaviour of the ground state allows to estimate the actual support of p. 

Theorem 5.3 (Typical path behaviour). Let V be Kato-decomposable and (fo G L 2 (R d ) n 
L 1 (R d ). Also, let (a n ) n >i be a sequence of positive real numbers such that ^2^ = ia n < 00. Then 

(5.12) lim — -. — . —r , = 0, u-a.s. 
Proof. By time reversibility of p it suffices to show that for every e > 

(5.13) p ( limsup — > e ) =0. 



N-,00 <po(u(N)) 
The fact that tp G L 1 (R d ) and stationarity of p give 



^(^(jv)) > 7 = ^ vT" > ^ ) = J R d 1 Wo<a N /e}{ x m{x)dx < — 1 1 9^0 1 1 1 • 

Since the right hand side of the above inequality is summable with respect to iV for every e > 0, 
the Borel-Cantelli Lemma gives (|5,13p for every e > 0, and (|5.12p follows. □ 
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Corollary 5.1. Under the assumptions of the above theorem, by taking a n = n^ 1 ^ 6 , 9 > 0, we 
obtain that the measure fj, is supported by a subset of paths such that for every > 

1 

(5-14) lim , —rz : a . y—r = 0. 

By using Theorem 13, T\ a more explicit description of the support for a wide class of potentials 
can be given. 

Corollary 5.2. Let V be Kato-decomposable such that V(x) —> oo as \x\ —> oo. Assume that there 
exists a compact set K £ H d , possibly empty, such that 

(1) K c C {x£~R d : B(x, 1) n supp(F_) = 0}, 

(2) there is a constant My ; K > 1 such that for every x E K c 

V+(y) < M V)K V + (z), y,z€B(x,l). 

Then for every > we have 

V + (u(N))\u N \ d+a l K c(uj(N)) 

lim , TTTTTa = 0, fl-a.S. 

\N\^oo \N\ 1+0 

Proof. By Corollary 13.11 we have that ipo( x ) an d + are comparable on K c . Since 

< C\ < ipo < C2 < oo on K, the assertion follows from the previous theorem. □ 

Some examples illustrating the above typical path behaviour results are discussed below. 



5.3. Existence of Gibbs measures 



In this section we show that the measure of a P(i^)i-process for a potential V is a Gibbs measure 
for the same potential. 

Without restricting generality we consider symmetric intervals / = [—T,T], T > 0. We will use 
the notations Ft ■= F[-t,T\-> Tt '■= •7 r (-oo,-T]u[T,oo)j u t' V = v \-tt\ ^ e ^' anc ^ cons ider the 
point measure 5j, on Q\-t,t] c concentrated on ui E O. For every T > we define a measure on 
(0,^)by 

(5.15) i4 := vp~ T)MT) ® 6% . 

In what follows we consider the family of measures (z^)t>o as reference measure. 
Let V be a Kato-decomposable potential and define 

(5.16) Z T (x,y):= [ e~ & V{X ^ ))ds du x T ' v (uj) , 

Jn 

for all T > and all x, y £ R d . By Lemma O (5) we have 

Z T (x, y) = u(2T, x, y) < oo, x,y e K d , T > 0. 
For every T > define the conditional probability kernel 

(5.17) (j,t{A,u)) = I I l A (u)e-^ x ^ ds d4(u;), A e T, Q G 0. 

Z t {uj{-1 ),u){l )) J n 

We refer to a) as a boundary path configuration. 
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Definition 5.2 (Gibbs measure). A probability measure fi on (£1,7-) is called a Gibbs measure 
for the fractional P(^)i-process (Xt)ten with potential V if for every A G J 7 and every T > the 
function u> h-> is a version of the conditional probability /x(A|7t), i-e., 

(5.18) n(A\T T ){u) = fPr(A,0), A G P, T > 0, a.e. Q G J). 

Condition (|5.18p is traditionally called Dobrushin-Lanford-Ruelle (DLR) equations. 

Theorem 5.4. Lei \i be the P((j))i-measure for the Kato decomposable-potential V . For every 
T > 0, co G and j4 G P, ui i— )• /ut(^4,w) is a version of the conditional probability fi(A\Tr)(cd), 
hence fj, is a Gibbs measure for V. 

Proof. Let < S < T, A G J5, B x G ^[-r-S], #2 G P[s,T], B = B x n B 2 G -^[-r,-S]u[S,T]- 
By a monotone class argument, it suffices to consider sets of the form A B. In order to show 
H(jis(A n B, •)) = fi(A n B) first note that since v^{{oj{-T) / £}) = ^({cDfr) / 77}) = 0, we 
have 

/ e-'-s v <*'( o »*Ms(A0)^>) = / e-/->^» ds l A (c^f>). 
Jn 

Then the Markov property of (X()t e R yields 
Jn 

Jn 

for all y G R d . By (|5.1ip . we plainly obtain 

(5.19) ns(AnB,uj)dn{u) = n(AnB). 

Jn 

As u> 1— > fj,s(C,u>) is Ts-measurable, the proposition is proven. □ 
5.4. Uniqueness and support properties 

It is seen above that a P(^)i-measure is a Gibbs measure for the given potential V. In fact, the 
existence of a Gibbs measure /i follows from the existence of the ground state </?o of the operator 
(— A) a / 2 + V. However, it is not clear whether there are any other probability measures on (ft, P) 
satisfying the DLR equations for the potential V. This problem will be discussed in this section. 

In the case of the Schrodinger operator (—1/2) A + V the case of one-dimensional Ornstein- 
Uhlenbeck process obtained for V(x) = \{x 2 — 1) shows that uniqueness need not hold in general 
(see Ex. 3.1]). In fact, in this case there are uncountably many Gibbs measures supported on 
C(R, R) for this potential. 

We start with two lemmas concerning uniqueness, which were proved in [5] in the case of Gibbs 
measures on Brownian motion. The first lemma gives a simple criterion allowing to check if a Gibbs 
measure is the only one supported on a given set. Its proof uses the same arguments as the classical 
one and we omit it. Recall that a probability measure P is said to be supported on a set B if 
P(B) = 1. 
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Lemma 5.5. Let £1* C 0, be measurable and v be a Gibbs measure for the potential V such that 
= 1. Suppose that for every T > 0, B G Ft and ui € Q*, v^(B,u}) — > v(B) as N — > oo, 
where un(B,uj) is the probability kernel defined in (I5.17p , T/ien z/ is i/ie on/y Gibbs measure for V 
supported on £1* . 

The next lemma characterizes a set of path functions cu S for which the convergence [xn(B, Co) — > 
fj-(B) holds. A sufficient condition is given in terms of the kernel u(t, x, y) and the ground state tpo. 

Lemma 5.6. Let (— A) a / 2 +V be a fractional Schrddinger operator with Kato-decomposable potential 
V and ground state eigenfunction ip$. Suppose that for some 

u{N - T ^^r iN)) - 

holds uniformly in {x, y) E R d x H d for every T > 0. Then for allT > and B £ Ft, /j-n(B, Co) — > 
fj-(B) as N — > oo, where ji is the P((j))i-measure for V. 

Proof By the Markov property of the process (X t ) te ji and (5) of Lemma 12. II we have for N > T, 
B G .Fr and wed 

»n(B,0) = ——4——[ dx I dy( I e-^ v ^ ds d V f^{u) 



(5.21) 



-T,T) v 

Put fi A f := {weO: max(|w(-T)|, |w(T)|) < M}, M £ N. Clearly, U M / when M ^ oo. If 
-B C for some M > 1, then the last factor in the above integral is a bounded function of x and 
y with compact support and the assertion of the lemma follows from (|5.20p . 

Let now B G Ft be arbitrary. Fix e > and choose M large enough such that [i{Vl c M ) < e/A. 
Since the claim is true for all ./-^-measurable subsets of £Im, in particular for Bm = B n and 
f^M) we find iVo such that for all N > Nq 

\n N (B M ,u) - n(B M )\ < e/A and \fj, N (Q M ,Cd) ~ K^m)\ < e/A. 

This gives fxjsf (0,^,0) < £/2 for N > Nq, and hence 

\(j, N (B,u>) - n{B)\ = \fi N (B M ,ui) + fi N (B\n M ,u;) - n(B M ) - n(B\Sl M )\ 

< \fj, N (B M ,ti) - n{B M )\ +m(^m) +Miv(^M)^) ^ e > 

completing the proof. □ 

Note that the condition 



Z N (Q(-N)MN)) Jb.* J** \Jn l ~ N '- T) 
x J l B {u)e'^ x ^dv^ T) {^) / e -/>(X s (^^) (w) 

dx [ d < N - T M-N),x)u{N-T,y,uj{N)) 



K d Jn d u(2N,lj(-N),u(N)) 
x / l s (w)e-i'-T y ^(")) ds d^ r ,(a;). 



(5.22) lim sup 

N ^°° (x,y)eR d xR d 



u( N _ T} Q(-N), x)u(N - T, y, lj (N)) _ ^ 



u(2N,Cd(-N),0(N)) 



is equivalent to ()5.20|) . which will be useful below. 

We now discuss uniqueness for potentials V(x) — > oo as \x\ — > oo. Our first main result is the 
following sufficient condition. 
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Theorem 5.5 (Uniqueness on full space). Let \x be the P((p)i-measure for the Kato-decomposable 
potential V . If the semigroup {Tt : t > 0} is AIUC, then fj, is the unique Gibbs measure for V 
supported on the full space O. 

Proof. Lemma 14,11 implies that condition (|5.22p is satisfied for every w £ fi. The assertion of the 
theorem follows by Lemmas 15.61 and 15.51 □ 

Corollary 5.3 (Uniqueness criterion). By using Theorem \4-%\ we immediately conclude that if 
there exist R > and Cy,R > such that for all \x\ > R 

(5-23) > C VtR , 

log \x\ 

holds, then fi is the unique Gibbs measure for V supported on VL. 

Since AIUC depends only on the behaviour of the potential at infinity (cf. Theorem |4.2[) local 
singularities and perturbations on bounded sets have no effect on the uniqueness of the Gibbs 
measure for this class of V. Recall that we denote by A the spectral gap of the operator H a . 

Theorem 5.6 (Uniqueness on full measure subspace). Let V be a Kato-decomposable poten- 
tial and assume ipo G L 2 (R a! ) n L 1 (R c( ). Then the P ((f)) i -measure \i is the unique Gibbs measure 
supported on the subspace 

{ e" A M ) 

SI* := lu G n : lim - — - = } . 

[ \N\^oo lf (0j(N)) J 

Proof. By Theorem 15.31 /^(O*) = 1. It suffices to show that it is the only Gibbs measure with this 
property. Lemma 13 . 1 1 implies that for every < t < N , N — t > 2, 

sup \e x °( N - T K(N - t,x,y) - vo(x)Mv)\ < C v , t e- AN . 

x,y£R, d 

Thus for all u; € Q* and every x, y G R d we clearly get 

e -AN 

\u(N - T,u(-N),x) - l\<po(x) < C V>T -+ 0, 

(po{u(-N)) 

-AN 

\u(N - T, y,oj{N)) - l\Mv) < C v ,t , (An , -> 0, 

e -2AN 

(Pq((jj{-N))<po(u(N)) 

as N — > oo, which implies (15.22H . It follows from Lemmas 15.61 and 15.51 that is the unique Gibbs 
measure supported on £1*. □ 

We now illustrate the above results by some examples. 

Example 5.1. Let H a = (— A) Q//2 + V he a, fractional Schrodinger operator with potential 

V(x) = C \x\ s + 



\8 , Cl ^2 



\x — Xil^ 1 \x — X2\^ 2 

where Co > 0, C\,C2 > 0, xi,X2 G R rf and 6 > 0, Pi, 02 > 0. It is straightforward to check that 
if < Pi, fa < ct < d or < /3i, /3% < 1 = d < a, then V is Kato-decomposable. An immediate 
consequence of Theorem [53] is that the P(4>)i -measure [i is the only Gibbs measure corresponding to 
the process (Xt)t£~R and the potential V supported on 0. Moreover, by Theorem 1 5 . 3 1 and Corollary 
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we obtain that the measure // is in fact supported by the subset of Q consisting of all path 
functions u such that for every 6 > 

/ 1+8 \ 

\oo(N)\ = ol\N\*+x&> j . 

Example 5.2 (Potential well). Let d = 1, a G [1,2) and 

, , _ f -a, a; G [-6,6] 
KW ~ \ 0, i£ [-6,6] c , 

where a, 6 > 0. It is proved in \\!2\ Th. V.l] that the operator H a = (— A) Q//2 + V has a spectral 
gap A > and a ground state </?o corresponding to the eigenvalue Ao < 0. By using Theorems 15.31 
and 13.21 we obtain that the corresponding P(</>)i-measure \i is supported on a subset of paths given 
by the growth condition 

|w(JV)| =o(\N\^j , V(9 > 0. 

Moreover, it follows from Theorem 15 . 61 that fi is the unique Gibbs measure supported on the subspace 
of paths such that 

| W (JV)| = o (exp ( \N 



1 + a 

However, we do not know whether on the full space f2 there exist any other Gibbs measures. 
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